Parametric fit to electron transport properties by Shreve, D. C. & Lonergan, J. A.
PARAMETRIC FIT TO ELECTRON TRANSPORT PROPERTIES *
J. A. Lonergan and D. C. Shreve
Science Applications, Incorporated
La Jolla, California
Empirical formulations of electron transport properties
are presented. Experimental data acquired by several groups over the past
few years have been gathered and organized. Parametric fits have been
made to these data so that the following properties of electron transport
can be represented by simple functions of atomic number and energy:
transmitted electron number, transmitted electron spectra, range, back-
scatter coefficient, angular distribution, energy deposition, bremsstrah-
lung intensity and energy spectra, bremsstrahlung angular distribution and
photon attenuation. Though most of the data used to derive the parametric
formulas were measured in experiments, some uses have been made of
results generated using well-developed Monte Carlo techniques. The for-
mulas cover the energy ranges of interest in space shielding problems
(0.1 - 10.0 MeV). These formulas were developed so they could be in-
cluded in an engineering handbook addressed at the problems of electron
radiation in space and its effects. The intent is to provide a simple means
of calculating the radiation expected aboard a spacecraft, both on its exter-
nal surface and behind arbitrary amounts of effective shielding. To satisfy
the requirement that the formulas be simple, mathematical rigor based
on physical interaction was replaced by convenient fits to thick target data.
The formulas are as accurate as these data in most cases and can be
easily evaluated without a computer. Procedures for using these formu-
las in practical situations are suggested.
I. INTRODUCTION
In practical problems in which it is nece-
ssary to make a quick determination of the radia-
tion dose delivered to a point partially shielded
from a radiation source, it is very useful to have
an inexpensive means of obtaining reasonably ac-
curate results. In particular, in the space envi-
ronment it is often necessary to establish the dose
level due to both eIectrons and the associated se-
condary photons at points inside a spacecraft.
Just as frequently the initial estimate becomes the
burden of an engineer or scientist whose profes-
sional interest is related to the item being placed
at the point of interest and who may have only a
passing familiarity with the properties of electron
transport and bremsstrahlung production. Simple
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methods of calculating electron transport proper-
ties and bremsstrahlung production are presented
in this paper. Parametric representations of both
calculated and measured data a_e presented.
The basic guideline imposed in finding
these parametric formulas is simplicity. Many
comprehensive discussions of the details of elec-
tron transport exist; in particular the work of
Zerby and Keller, (1) and the earlier work of Birk-
hoff (2) summarize the physics and some of the
mathematics that describe these phenomena.
However, for the purpose stated above, these
works are too detailed and demanding if a dose
level is the only goal of the investigation. As a
means of implementing the simplicity guideline,
we have made parametric fits to shielding data.
For example, to fit the bremsstrahlung production
property we have sought data which correlate pho-
ton output directly to the incident electron. The
processes of electrons slowing down, range
straggUng, backscattering and photon production,
and to some extent self-shielding, are gathered
into one process. That is, given an electron of a
certain energy, what is the probability of obser-
ving a photon of another energy at some point
around a thick piece of material ? By just fitting
the thick target bremsstrahlung data all the ma-
thematical complications inherent in a rigorous
analysis incorporating all the intermediate pro-
cesses are avoided. With this approach we have
obtained fits either from the literature of through
our own efforts for a number of properties of in-
terest.
II. ELECTRON TRANSPORT
In the following section, formulas which
describe the property specified are displayed.
As pointed out in the introduction, many of these
formulas are the result of the efforts of other
workers. We have selected these that are pre-
sented because they best represent the experi-
mental data we have been able to compre them
with.
1. Range
There are essentially two commonly used
definitions of ranges, one is the extrapolated
range, the other is the continuous slowing down
approximation (csda) range. The extrapolated
range is more easily determined from experimen-
tal data. The following expression is due essen-
tially to Katz and Penfold (3) with some modifica-
tions by Ebert et al., (4)
Rex E,Z,'" 056S "
/17 /
- 0.423 __/ Z >2.5MeV
(i)
= 0.38EAg/cm 2 E<2. SMeV
where
A = (1. 265- 0.095 _nE) (1.7-.273 _nZ)
Here E is the electron energy in MeV and Z is
the atomic number.
The continuous slo_ving down approximation
range is more easily calculated than is the extra-
polated range and has come into rather wide use
because of the very convenient tabulation of this
quantity by Berger and Seltzer. (5) From the data
of Ebert et al. (4) and this ÷ _^_
_abula ..... , we have de-
rived the following relationship between the extra-
polated and csda ranges
(Rex/R o) = 1.21- 0.208 _nZ +0.485E (2)
2. Transmitted Number Fraction
The number of electrons penetrating to a
given depth within a material is defined as the
transmitted number fraction. Ebert et al. (4)
have measured this quantity and have sugge.sted
the following parametric representation
a = (1 - 1//3) 1"/3
(s)
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the quantity, t, is the penetration depth in the
same units as the extrapolated range.
3. Transmitted Energy Spectra
The energy spectra of electrons penetra-
ting to a depth (t/Ro) , that is, to some fraction
of the continuous slowing down range, has been
fit. The experimental data measured by Lonergan
et 32., (6) Costello et 32. (7) and Rester et 32. (8)
were used as the base from which the following
parametric representation was derived:
¢ 9
z)--lexp[- ]+
+eEl 1+ exp((E-Ep)/W)] -1} N -1
where
N = w¢.+i/2cw 2
(4)
w = 0.05 Cz (t/ao)
c = (t/Ro)2 CZ
4. Backscatter Coefficient
The backscatter coefficient is defined as
the fraction of electrons incident on an infinitely
thick target which are scattered in the backward
direction. The following expression was derived
by Tabata (9) from data he measured and is valid
for Z > 6.
(E,Z) = 1.28exp I- ll.9Z 0"65x (5)
x(1 +0.103Z 0"37E 0.65)]
O
5. An_ular Distribution
The angular distribution of electrons pe-
netrating a slab after striking the slab normally
has been fit in two regions. If the slab thickness
is less than approximately 1/3 the extrapolated
range, a gaussian distribution fits the data rea-
sonably well:
where
K2 =
However,
¢(E,Z) = _ exp (-K 2 02 ) (6)
E2/ [0. 121 t Z 0"88 fn (t/0.00105)]
ifthe slab is thicker than 1/3 the ex-
trapolated range, the distribution merges into a
thickness--independent form given by
_b = (0.717 + cos0) cos0 (7)
where 0 refers to the polar angle relative to the
normal to the plane from which the electrons are
emerging. It is important to note that 0 is not
referenced to the incident electron direction. Ex-
perimental data (7' 8) indicated that for thick tar-
gets it/Rex > 1/3) the angular distribution is in-
dependent of the incident electron direction.
6. Energy Deposition
The energy deposited by electrons as they
penetrate a material has been calculated for a
number of cases at the Marshall Space Flight Cen-
ter (MSFC). ETRAN, (10) a Monte Carlo electron
transport code developed by Berger and Seltzer at
NBS, was used to make these calculations. Watts
and Burrell (11) of the MSFC have made parame-
tric fits to these results for two cases. The first
is for a normally incident monodirectional beam,
and is given by
t,. (Z,X)
where
A 1 = 0.913 exp (0.963 E) + 0. 021E + 0.215
A 2 = 5.0- 0.49E
A 3 = 57.6 (E- 5.0)/(E +30)
A 4 = - 1.6E0"837
(8)
The second case is for an isotropic incident beam,
# )0is o (E,X) = exp A i xi-I (9)
834
where
A1 = 0.52 + 0.098E-1"47
A 2 -- exp (-0.82 E) - 1.0
A s : 2.5 [exp (-1. 022E) +1. 0]
A 4 = 3.25 exp (-0.323E) + 5.8
A 5 = - 15.44 +1.55E- 0.0786E
where X is the depth of penetration.
HI. PARAMETERIZATION OF THICK
TARGET BREMSSTRAHLUNG DATA
When electrons slow down, they emit
bremsstrahlung radiation. In applicationswhere
the electrons are stopped, this bremsstrahlung is
the only radiationwhich penetrates through the
material, and hence is important in many space
applications.
The calculationofthe bremsstrahlung pro-
duced in thick targetsusing firstprinciples is
rather complicated due tothe energy loss, strag-
gling and angular spread of the incident electrons
as they penetrate through the material. Typically,
rather large computer codes which eithertreat
the problem using Monte Carlo methods (10)or by
subdividing the target intomany thin sections(12)
areused to calculatethe bremsstrahlung intensity.
These calculationsare quite accurate but require
considerable knowledge on the part of the person
running the code and also a considerable amount
of computer time.
The purpose ofthe present effortis to
provide a fairlysimple analyticalexpression for
the bremsstrahlung radiationby parametizing the
available thicktarget bremsstrablung data. In
the past these data have been used mainly to check
the accuracy ofthe computer codes. We will use
the data itselfto try to go directlyto the types of
expressions thatwill be useful to people working
inthe fieldofspace physics
I. Method of Parameterization
a) Approximation for Intensity
Spectrum
Most of the thick target bremsstrahlung
data have been obtained with the electron beam
normally incident on the target,(6,8, 13) and we
will mainly be concerned with fittingthese data.
Electrons encountered in space shielding situa-
tions, however, typicallydo not all impinge nor-
mally on the surface of the spacecraft, so one
must know the bremsstrahlung dependence on the
angle of incidence of the electrons. There is a
limited amount of thick target bremsstrahlung da-
ta availablefor electrons with non-normal inci-
dence._(14) Examples of these data are shown in
Fig. 1. Here the integrated, and partiallyinte-
grated intensitiesfor 1 and 2 MeV electrons are
plottedvs. the angle between the emitted radiation
and the electron beam. Itis fairlyobvious from
these data that the 7 intensityis a maximum in
the direction of the incident electrons. For the
A1 data, itis obvious that there is some symme-
try about the beam direction. We will assume
that the bremsstrahlung radiation can be written
as a function which is symmetric about the elec-
tron direction multipliedby an attenuationfactor
to ....... ÷ _ absorption" in the *.....
I(E,K,O, Cj) = I°(0,1_E) x (I0)
I e-_(t- FR cos_)/cos (_b-$). (¢,_) <t,/2
where the different attenuation factors correspond
to forward going and backscattered radiation. In
this equation, E is the energy of the electron, K
is the energy of the photon, 0 is the angle of the 7
ray with respect to the beam direction, _bis the
angle between the beam direction and the normal
to the target, t is the target thickness, _is the
mass absorption coefficient for the material, and
FR is some fraction of the csda electron range.
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Fig. 1. Angular dependence of bremsstrahlung radiation for 1 and
2 MeV electrons incident at 30 ° to the normal of thick
A1 and Au targets.
The function I° (0, K, E) which was obtained from
the data shown in the previous figure, is shown in
Fig. 2. A value of F = 0. 3 was used to make the
curves symmetric. The curves through the points
in these figures are symmetric about 0° which
shows that the assumption of a source term sy-
mmetric about the direction of the electrons
seems to be justified, except for the low energy
Au data with the T ray emerging at angles almost
parallel to the target.
2. Fits to Individual Bremsstrahlun$
Spectra
The energy intensity spectra of photons
emitted from a thick target at an angle _ with res-
pect to the beam were fit by the method of least
squares with a 3 parameter function of the form
I° (E,K,_) = A(E,O)e -K/ (E B(E,0)) x (11)
x (1 - K/E) C(E,e)
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Fig. 2. Angular dependence of assumed bremsstrahlung "source"
term for 2 MeV electrons incident at 30 ° to the normal
of thick A1 and Au targets.
where the parameters A(E,0), B(E,B) and C(E,0)
were adjusted to give a best fit for each individual
spectrum. This functional form was chosen be-
cause the bremsstrahlung intensity for the ele-
ments and energies considered appear to be expo-
nentially decreasing over much of the photon en-
ergy range and falling off faster than exponential
near the end point, samples of the fits to the LTV
bremsstrahlung data (8) obtained using this 3 para-
meter function are shown in Fig. 3. It can be
seen that the fits are all reasonable; with indivi-
dual points differing from the fit by less than 10%.
The parameters A(E,#), B(E,0) and
C(E, 0) were examined as functions of the photon
angle and parameterized as
A (E, 0) a (E) e - (0/¢o (E))2 +
+ b(E) exp [2 e- (0/_1 (E))2 ]
B(E, 0) = c(E)e- (e/_'2(E)) + (12)
+d(E)e [ -(e/_'3(E))2]
- (E/Eo)2) - (0/0o)2C(E, 0) = 1- (.7- .Se e
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Fig. 3.
The entire distributions over both photon energy
and angle were fit using the above 12 parameter
function; however, only the first 8 parameters
were varied for the fit.
We have at present parameterized the pho-
ton energy and angular distributions for 0.5, 0.75,
1, 2, and 2.8 MeV electrons incident on A1 tar-
gets and 1, 2, 2.8, 4, and 8 MeV electrons inci-
dent on Sn targets. Samples of the fits to the
photon energy and angular distributions are shown
in Fig. 4. Again the fits are reasonable; with the
maximum deviations of the data from the calcula-
ted curves being about 15%. It should be men-
tioned that the accuracy ascribed to the data by its
authors is about 10% over most of the range, and
20 - 30% at the end points, so it would seem that
the fits are quite adequate.
Sample 3 parameter fits to thick target bremsstrahlung
data onA1 and Sn at .2, 1, 3, and 2.8 MeV at 0°. The
functional form of the curve is F = Ae- K/BE (1 - K/E) C,
where A, B, and C are parameters, K is the photon
energy, and E is the electron energy.
The next step in the parameterization pro-
cess is to represent the 8 functions a(E), b(E),
c(E), d(S), _o(S), _I(E), _2(E), and _3(S)as
functions of energy for each element. Data are
only available at a few values of (E), however,
and the values of the 8 parameters obtained so far
do not seem to follow any simple (eg. linear or
exponential) pattern. The values of the parame-
ters are given for A1 and Sn in Table 1. We will
generate more data at intermediate energies using
the Monte Carlo calculation ETRAN-15. With
this additional data we should be able to parame-
terize the bremsstrahlung intensity with respect
to angle, photon energy and incident electron
energy.
/
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Sample 8 parameter fits to photon energy and angular
distribution for 1 MeY electrons on AI.
3. Integration Over Electron Flux
Because of the interest in space shielding
calculations, we have obtained energy and angular
distributions for isotropic electron fluxes. Figure
5 shows the angular distributions obtained for an
isotropic 1 MeV electron source incident on unit
areas of A1 and Sn targets whose thicknesses are
the range of 1 MeV electrons. These angular
distributions are somewhat simpler than the an-
gular distributions produced by normally incident
electrons.
As was mentioned earlier, the basic
bremsstrahlung data have been fit using a source
term anda simple attenuation factor. If one in-
tegrates only the source term Io(E , K,8), one ob-
tains angular distributions as shown in Fig. 6.
These angular distributions are quite regular and
can be fit with a function of the form
I°iso(6T,E,K) = exp [Ais° + Bis° cos0 +
+ Ciso cos(28)]
(13)
Table 1. Table of Parameters for A1 and Sn
Normal Electron Incide.cv
A1
E a _o h _1 c _2 d _-_
(MeV) x 10 +3 (deg) x 103 (deg) {deg) (de_)
0.5 0.50 35. 0,17 250. 0.70 120 0.10 80
1.0 4.86 30.7 0.48 223. 0.50 120 0.088 56
2.0 14.0 18.1 1.93 85.4 0.40 140 0.0'/5 25
2.8 23.5 10.4 4.30 57.4 0.44 100 0.093 22
Sn
1.0 4.10 26.3 1.26 360. 0.53 350 0.40 66
2.0 19.2 26.3 2.43 320. 0.43 310 0.27 60
2.8 27.8 14.7 6.74 118. 0.44 230 0.12 24
4.0 63.7 12.7 7.98 136. 0.44 350 0.39 29
8.0 274.0 6.5 14.3 92.4 0. 38 350 0. 59 34
\
Fig. 5.
I. lm _m lm
Photon anghL_r distributions for an lsotropic electron
source of 1 MeV electrons on one side of an AI target.
839
The curves through the points in Fig. 6 corres-
pond to fitsusing this functionalform. The func-
tions Ais° (E,K), Bis o (E,K), and Cis ° (E,K) are
smoothly varying functions ofboth K and E, but
as yet, have not been fit. The values of A(E, K)
for electrons on Sn are shown in Fig. 7.
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Fig. 6. Angular tntrtlmtion c_ "unsttenuated" photons for an
isotroplc source _ 1 MeV electrons on one side of an
A1 target. The solid curves are least square fits using
a functional form It_o )_ exp|A + B cos_+C cos(2S)(e, E, gL
4. Summary of Parametric Fits
to Bremsstrahlun_ Data
We have obtained a parameterization of the
bremsstrahlung radiation for electrons normally
incident on thick targets of A1 and Sn for electron
energies ranging from 0. 5 to 2.8 MeV for A1 and
1 to 8 MeV for Sn. These bremsstrahlung distri-
butions have been integrated over the angles of
the electron incidence to obtain the photon angular
distributions for isotropic electron sources. The
parameterization of the radiation produced by iso-
tropic electron sources is partially completed.
These parameterizations will provide the engineer
or scientist a fairly simple means of estimating
the bremsstrahlung intensity inside a spacecraft
for the various electron environments encountered
in space.
Fig. "L
moT_ _i.GY q_t
EnergY dependence of the parameter A used in fitting the
angular distributioms for the unattenanted term for'an
isotroplc electron source on SR at various electron energies.
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